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Inti eduction

FOR a dynamically nonspherical satellite, Newton's equa
tions of orbital motion are coupled to Euler's equations

of rigid-body rotational motion by high-order body-force
terms The body force is produced by the earth's gravity
gradient and by the nonspherical inertia ellipsoid of the
satellite The body force is much smaller than the central
force that acts on the satellite as though the satellite is a
point mass Their ratio is proportional to L2/r2, where L
is a characteristic dimension of the satellite and r the geo-
centric distance of the center of mass of the satellite It is
through this small body force that the orbital and the rota-
tional motions affect each other Ordway1 and Moran2

have investigated the coupling effects for the case of an un-
damped dumbbell satellite in a circular orbit, showing that
the rotational motion will produce sinusoidal perturbations
to the basic orbit In this note, however, a study is presented
of the long-term coupling effects for a satellite of general
shape, provided with damping, and in an elliptic orbit

In the passive attitude stabilization of a satellite either by
gravitational or by magnetic means, it is necessary that the
rotational motion of the satellite be provided with damping
by internal or external means Damping by external means,
as often used in magnetic orientation,3 is obtained from inter-
action with, e g , the geomagnetic field by a device provided
in the satellite Damping by internal means is produced by
the relative motion between the satellite and an auxiliary
bod\ contained in or connected to the satellite, and the
damping can be either of the viscous type or of the hysteresis
type 4 A question is often raised as to where the energy,
which is being continuously dissipated through the damping
mechanism, comes from One can surmise that the dissi-
pated energy originates from the initial angular momentum
about the center of mass of the satellite when entering the
orbit, from the sporadic and the continuous momentum
inputs from space environments, and from the orbital motion
Ihe initial and the subsequent angular momentum inputs
will be dissipated into heat through the damping mechanism
within a reasonably short time 4 If, however, the rotational
motion is excited continuously by the orbital motion (i e ,
by the orbital eccenti icity in the case of gravitational orienta-
tion or even by a circular orbital motion in the case of mag-
netic orientation), then damping of the rotational motion will
result in a continuous dissipation of the orbital energy

In this note we will investigate the nature of the long-term
coupling effects between the orbital and the rotational motion
in the case of gravitational orientation provided with damp-
ing by internal means For this reason it is irrelevant to
consider at the same time other effects due to, e g , space
environment, earth's oblateness, etc , despite the fact that
these latter effects are most likely bigger in magnitude than
those due to the rotational motion For the same reason,
the present work is restricted to the special case of planar
pitch librational motion

Equations for Planar Pitch Motion

It is assumed that earth is a uniform sphere of radius R0
and that the satellite is a composite body of a total mass m,
consisting of a main rigid body and an auxiliary rigid body,
connected to each other through a hinge joint such that their
centers of mass coincide 1 he coordinate systems are chosen
such that the orbit lies in the XZ plane of a nonrotating co-
ordinate system 0-XYZ with the orbital angular momentum
vector pointing in the Y direction The origin 0 is situated
at the geocenter The mass center o of the satellite is speci-
fied by polar coordinates (r,0), where 0 is the angle measured
from the Z axis in the direction of the orbital motion A
rotating coordinate system o-x'y'z' is taken in such a way that
ozf is parallel to Oo and oy' to OF The body coordinate
systems are chosen with the o-x\y\z\ and o-x^y^ axes of body
1 and 2, respectively, along the principal axes with moments
of inertia (Ixi,Iyi,I ,-), i = 1,2 The satellite is assumed to
undergo only a pitch rotational motion such that its z\ and
%2 axes make an angle ft and #2, respectively, with the z' axis
in the orbital plane, and the yi and y2 axes are always parallel
to oy' or OY In the hinge joint of the composite satellite,
the spring torque is assumed to be linear with the relative
angular displacement (k = spring constant) and the viscous
damping torque to be linear with the relative angular ve-
locity between the two bodies (c — damping coefficient)
With terms of order higher than L2/r2 neglected, the following
four equations result :
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4) [(IXl - I J sin ft cosft +

(Ixt - 72) sin02 cos02] (2)

/vi(6 + ft) - -3(M/r3)(7,1 - 7J sinft cosft -

c(ft - ft) - fc(ft - 02) (3)

7y2(0 + ft) = -3(/zA3)(7*2 - 72) sin02 cosft -

c(6* - ft) - fc(02 - ft) (4)

where dots denote time derivatives and ju = gRo2, with g be-
ing the gravitational acceleration at the earth's suiface

Method of Successive Approximations

Equations (1-4) will be solved by a method of successive
approximations First, the body-force terms of 0(L2/r2) are
neglected in (1) and (2) Ihe orbital equations become
decoupled from the rotational equations Foi chosen initial
conditions, the Keplerian orbit can be immediately obtained
as an ellipse of semimajor axis r0, phase angle <p0, and eccen-
tricity e < 1 described by the following two relations: r =
r0(l - e 2 ) / [ l + e cos(9 + <?0)] and 9 = [Mr0(l - e2)P/2/r2

With the aid of the foregoing relations, (3) and (4) can be
solved in the librational case, the solutions of which are then
in turn substituted into the orbital equations to solve for the
first-order solution, or solution including terms of the same
order as the body force or 0(L2/r2)
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To linearize (3) and (4) for the case of a librational motion,
we assume that 6i is of the order of e, which is taken to be
small here as compared with unity From the orbital rela-
tions, we have 0 = & + 0(e) and 0 = tit + 0(e), where
& = (M/r0

3)1/2 With the terms of 0(0»2,e0,-,e2) neglected,
Eqs (3) and (4) become

Ijt ± c(0! - 02) ± k(6i - 62) +
(Ixi - I JWOt = 2IyieW sin(0£ + <p0) i = 1,2 (5)

The steady-state solutions of the two preceding equations are

Si = Fi cos(Q£ + <pQ) + ft

Here

ft -

+ <PQ)

- P2)

i = 1,2
(6)

(ki

fe 2 + fc(£i + c2)}]

F2 and ft are the same as Fi and ft, respectively, except that
the subscripts 1 and 2 are interchanged In the preceding,
ki = fc/7tfia2, c« = c/7,A Pi = 3(7,, - / t)/Iyi - 1, i = 1,2,
and A = [Pift + £iP2 + fePi]2 + [c2Pi + CiP2]2

Combination of (2) with (3) and (4) yields

0 = (h - - 72/2'02)/(7/ +

where IVI' = Ivi/m, Iy.' = Iyz/m, Iy
f = Iyi' + 7y2', and ft =

'>2e0 + 7vl'(60 + fco) + 7W'(60 + 020), with 00| 0io, 020, and
f being the initial values of 0, 0i, 02, and r, respectively, at
t — 0 Introduce a nondimensional variable ^* = rp/r,
where rp is the initial geocentric distance at perigee, and make
6 the independent variable; then

6 _ r — _ft j/ ——
P — " ̂ ^ 7^

e2

ThenEq (1) becomes
/72/1/* i, /'r

2Iy'rp
5(h - : ̂ *"| ̂ *l =

J0J dGj 0 (7)

where 5 is the coefficient of — r~4 in (1) To solve for a
first-order solution, let us keep 5 fixed by taking its average
value in one unperturbed orbit 5, which is made nonzero by
a proper choice of the moments of inertia and is, in general,
positive Denote e = 5/(h2rp) « L2/r2(«l); then the third
and the fourth terms in (7) can be expanded into terms of
0(1), 0(e), 0(e2), By retaining terms up to 0(e), letting
tf* = u* - (p,/h*)rp, and with the aid of (6), Eq (7) is brought
to the form

(8)

Here the nonlinear function is given as

d — 71(2;*

coS(6+ 9o) (9)

where the dimensionless quantities are

'-$'•(- dr.)
a = 1 + 6 =

Sr,
- P2j2

n =

P =
- P2)2

Note that we have replaced tit by 0 in the expression of 0,
since 0 = 0(e)

First-Order Solution by Kryloff-Bogoliuboff Method

Equation (8) represents a nonautonomous oscillation sys-
tem with resonant external periodic excitation The non-
linear forcing function / is a finite trigonometric polynomial
in 0 with coefficients being polynomials in y* and dv*/dQ
If v* takes the form of v* = A cos^, ^ = 0 + <p, then
the preceding forcing function can be developed into
a double Fourier series Therefore, it is evident from (8)
that resonance occurs at the first harmonic terms, since their
combination frequency is equal to the natural frequency of
the system, which is unity This is classified as the "exact"
resonance according to Minorsky5 Let the first-order
solution be written as

v = = A(Q) cos(0 (10)
The amplitude A (9) and the phase angle <p(Q) are to satisfy
the following first-order differential equations6:

dQ = ~ 2 I

2/32 _

(H)

2!
— 9?) — [« cosf ̂ 0 —

(12)

The preceding two nonlinear first-order equations are coupled
to each other and cannot be integrated in an exact way
Yet, a first-order solution in e can be obtained We assume
that the solution for <p and A takes a series form, namely,

= <Po +9 =
<pQ or
6^1(6
i = 1,2

+ eV2(9) + with

+

= — <PQ) =
= — <pQ) = 0, i = 1,2, , and A = AQ +

, where A0 = e/(l + e), and 4»-(0 = - ^0) ='0,
Then Ai(0) can be easily obtained as

= -2e(l + 6)(1 - X
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The second term in the brackets of (13) is positive definite
for e < 1 and has a zero limiting value as e -* 0 In a similar
way, the first-order solution of <p is found as <pi = £1(6
+ ^0), where

_f!_V* +
(1 + e) 5

X

(14)

- (1 + e)2(l -

a -

By substituting A = A0 + eAi(G) and <p = <p0 +
into (10) and changing the variables back to r, the perturbed
orbit resulting from the steady-state forced librational motion
is obtained Note that the initial phase angle <p0 can be
taken to be equal to zero by transformation of the coordinates
0-XYZ

Orbital decal rate can be found from the expression of the
semimajor axis r0(Q) of the orbital ellipse, which is one-
half the sum of the two apsidal distances, corresponding to
cos(l + £<pi)9 = ±1, i e , r0(0) = rQ + Ar0(9), where

- P2)2

Ar0(0) = -

Orbital phase shift is simply

•[<-
«Pi = — 4(1 r0

d -«')-' - (16)

Numerical Example

lo illustrate numerically the magnitude of the rates of
orbital decay and phase shift, let us take a two-body satellite
with the following parameters, which has been demonstrated
in Refs 4 and 7 to be feasible in gravitational orientation:
m = 10 slugs, 7xi = Ivi = 3300, / 1 = 10, 7*2 = 450, Jy2 =
1000, / 2 = 1450 slug-ft2, coefficient of viscous friction c =
42700 ft-lb-sec, spring constant k = 430002 ft-lb/rad
Hence, // = 430 ft2, S//i « 775 ft2, Px = 2, P2 = -4, ci =
1 28, c2 = 4 27, &i - 1 29, fe = 4 3, A = 32 5, GI = -2 82e,
G2 = -470 Then, for 1000-mile alt or r0 = 2 62 X 107

ft (ft = 0 89 X 10 ~3 rad/sec) and e = 0 1 (note: from the
work of Refs 4 and 7, e should be kept smaller than 0 15 for
the librational motion to be valid), it is computed from (15)
that the rate of orbital decay is Ar0/At = 0 02 ft/yr and from
(16) that the rate of apsidal advance is A<p/At = 0 65 X 10 -6

deg/yr
The orbital decay rate can be estimated in another way

from the formula Ar0 » (mfj,/2)(AE/E2) = (2/gm)(r0/R0)*AE,
where E = — /xm/2r0 is the total orbital energy, and

rJo

is the energy dissipation per cycle through the steady-state
forced librational motion From this, it is calculated that
Ar0 ~ 0 024 ft/yr, which checks fairly well with the result
given in (15) The same type of approximation applied to a
magnetically oriented satellite should produce results of com-
parable accuracy

From the preceding numerical results it is concluded that
these long-term effects are negligibly small for a gravitation-
ally oriented satellite It may be of interest, however, to
attempt an application of the foregoing formulas to astronom-
ical problems
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Energy Solution for Simply
Supported Oval Shells
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Introduction

A RECENT study of clamped, short, oval shells under
hydrostatic load1 presented an energy solution of the

shell equations The present note shows the results of apply-
ing this solution to simply supported, short, oval shells under
constant lateral load The shells considered have major-to-
minor axis ratios b/a in the range 1 00 (circular) < b/a <
2 06 For values of b/a > 2 06, the assumed shell cross sec-
tion [see Eq (1)] does not remain convex at all points

The results are compared to a double Fourier series solu-
tion, which is presented in Refs 2 and 3 for values of b/a
of 1 10, 1 51, and 2 06 and which is herein considered to be
exact For other values of b/a an equivalent circular shell
solution, which in Refs 2 and 3 is shown to be in good agree-
ment with the exact solution, has been used as a basis for
comparison This approximate solution is obtained by using
the value of the local radius of curvature of the oval shell for
the radius in the well-known axisymmetric solution of the
circular, cylindrical shell equations

The energy solution used can be applied to a shell having
arbitrary boundary conditions (e g , a shell with elastic ring
supports), whereas the double Fourier series or equivalent
circular shell solutions are not readily applicable to such a
shell
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